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a b s t r a c t
The Wiener polarity index Wp(G) of a molecular graph G of order n is the number of
unordered pairs of vertices u, v of G such that the distance dG(u, v) between u and v is 3.
In this note, it is proved that in a triangle- and quadrangle-free connected graph G with
the property that the cycles of G have at most one common edge, Wp(G) = M2(G) −
M1(G) − 5Np − 3Nh + |E(G)|, where M1(G), M2(G), Np and Nh denoted the first Zagreb
index, the second Zagreb index, the number of pentagons and the number of hexagons,
respectively. As a special case, it is proved that theWiener polarity index of fullerenes with
n carbon atoms is (9n− 60)/2. The extremal values of catacondensed hexagonal systems,
hexagonal cacti and polyphenylene chains with respect to the Wiener polarity index are
also computed.
© 2012 Elsevier Ltd. All rights reserved.
1. Introduction
Let G = (V , E) be a connected simple graph in which V = V (G) and E = E(G) are the set of vertices and edges
respectively. As usual, the distance between the vertices u and v of G is denoted by dG(u, v) or d(u, v) for short and it is the
length of a shortest path connecting u and v. The number of unordered pairs of vertices u and v of G such that dG(u, v) = k,
is denoted by d(G, k). A topological index Top(G) for G is a number with this property that for every graph H isomorphic
to G, Top(H) = Top(G). The Wiener index is the first distance-based and most studied topological indices, both from the
theoretical point of view and applications. It is equal to the sum of distances between all pairs of vertices of the respective
graph [1].
The Wiener polarity index of an organic molecule whose molecular graph G is defined as Wp(G) = d(G, 3). In the best
of our knowledge, the Wiener had some information about the applicability of this topological index. Using the Wiener
polarity index, Lukovits and Linert demonstrated quantitative structure property relationships in a series of acyclic and
cycle-containing hydrocarbons [2]. Hosoya [3] found a physico-chemical interpretation of Wp(G). Recently, Du et al. [4]
described a linear time algorithm for computing the Wiener polarity index of trees and characterized the trees maximizing
the index among all trees of the given order. Deng et al. [5] characterized the extremal treeswith respect to this index among
all trees of order n and diameter d. Deng [6] also gave the extremal Wiener polarity index of all chemical trees with order n.
Deng and Xiao [7] found the maximumWiener polarity index of chemical trees with n vertices and k pendants.
The first Zagreb index, M1(G), is defined as the summation of squares of the degrees of the vertices, and the second
Zagreb index,M2(G), is the sum of the products of the degrees of pairs of adjacent vertices of the molecular graph G. These
topological indices were introduced by Gutman and Trinajstić [8]. For mathematical properties of these topological indices,
we refer to [9–11]. Throughout this paper, our notation is standard and taken mainly from [12].
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Fig. 1. A fullerene.
Fig. 2. The kinks of a hexagonal system.
2. Definitions and preliminary results
A fullerene graph, Fig. 1, is a closed-cage carbon molecule with three-coordinate carbon atoms tiling the spherical or
nearly spherical surface with a truncated icosahedral structure formed by 20 hexagonal and 12 pentagonal rings [13]. Using
the Euler formula, one can see that every fullerenemolecule with n carbon atoms have exactly 12 pentagons and (n/2−10)
hexagons, where n ≠ 22 is a natural number equal or greater than 20.
A hexagonal system G is a 2-connected plane graph such that two hexagons of G are either disjoint or have a common
edge. Hexagonal systems have considerable importance in chemistry because they are the natural graph representation
of benzenoid hydrocarbon. A vertex of a hexagonal system belongs to at most three hexagons. A vertex shared by three
hexagons is called an internal vertex; the number of internal vertices of a hexagonal system is denoted by ni. A hexagonal sys-
tem is called catacondensed if ni = 0, otherwise if (ni > 0), it is called precondensed. It is easy to see that all catacondensed
hexagonal systemswith hhexagons have 4h+2 vertices and 5h+1 edges. The following lemma is crucial in one of our results.
Lemma 1 (See [14]). For any hexagonal system with n vertices, m edges and h hexagons and ni internal vertices, n = 4h+2−ni
and m = 5h+ 1− ni.
Following Gutman and Cyvin [15], a hexagon H of a catacondensed hexagonal system has either one, two or three
neighboring hexagons. If H has one neighboring hexagon, it is called terminal, and if it has three neighboring hexagons it is
called branched. A hexagon H adjacent to exactly two other hexagons possess two vertices of degree 2. If these two vertices
are adjacent, H is angularly connected. Each branched and angularly connected hexagons in a catacondensed hexagonal
system is said to be kink. In Fig. 2, the kinks are marked by K.
The linear chain Lh with h hexagons is the catacondensed systemwithout kinks, see Fig. 3. A segment in a catacondensed
system U is a maximal linear chain of U . The number of segments of U is denoted by s(U) and the length of a segment is the
number of its hexagons [16].
A zig-zag chain Zh with h hexagons is the catacondensed hexagonal system with h− 2 kinks; in other words, the length
of its segments is equal to 1 or 2, see Fig. 4.
A cactus graph is a connected graph in which no edge lies in more than one cycle. These graphs were introduced by
Uhlenbeck and Ford [17]. A hexagonal cactus graph is a cactus graph in which every block is a hexagon. Here, a block in
a graph G is a maximal 2-connected subgraph of G. If each hexagon of a hexagonal cactus G has at most two cut-vertices,
and each cut-vertex is shared by exactly two hexagons, then G is called a chain hexagonal cactus. We encourage the reader
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Fig. 3. A linear chain Lh .
Fig. 4. The zig–zag chains Z8 and Z7 .
Fig. 5. A chain hexagonal cactus graph.
to consult [18,19] for more information on cactus graphs. It is worth noting that some types of hexagonal cacti represent
common chemical structures. An example is shown in Fig. 5.
Following Došlić [19], a polyphenylene is a graph obtained from a hexagonal cactus by expanding each of its cut vertices
to an edge. A polyphenylene with exactly h hexagons is called a polyphenylene chain, denoted by Ph, if it has n hexagons
such that the i-th hexagon, i ≠ 1, n, is joined to the next and the previous one by an edge. It is clear that if we omit the
vertices of the first hexagon, then the remaining graph would be a Ph−1.
An internal hexagon is called ortho-hexagon or meta-hexagon if its cut vertices are at distance 1 or 2, respectively. If all
internal hexagons in a polyphenylene chain are of the same type ortho, then the chain is called an ortho-chain. The meta-
chains are defined analogously. The ortho- andmeta-chainswith exactly h hexagons are denoted byOn andMn, respectively.
Throughout this paper, all graphs will be finite and without loops or multiple edges. Our notation is standard and taken
from [19] and the standard book of graph theory.
3. Main results
In this section, we prove a relationship between the Wiener polarity index and the first and second Zagreb indices of
connected graphs. We begin by mathematical formulation of these topological indices. To do this, we assume that G is a
connected graph and V (G) = {1, 2, . . . , n}. Then one can see that, Wp(G) = |{{u, v} ⊆ V (G) | d(u, v) = 3}|,M1(G) =
1≤i≤n deg(i)2 andM2(G) =

ij∈E(G) deg(i)deg( j).
Theorem 1. Suppose G is a connected triangle- and quadrangle- free graph such that its different cycles have atmost one common
edge. If Np = Np(G) and Nh = Nh(G) denote the number of pentagons and hexagons of G, then Wp(G) = M2(G) − M1(G) −
5Np − 3Nh + |E(G)|.
Proof. To construct a path of length 3, we consider the edge ij of the graph G and choose a vertex adjacent to i and another
vertex adjacent to j. The numbers of such paths in G are equal to

ij∈E(G)(deg(i) − 1)(deg(j) − 1). Since G is triangle-free,
the vertices i and j do not have common neighbors. We now count the cases that there are paths of length 2 and 3 between
two given vertices u and v. Such a pair (u, v) is called a pair of the first type. It is easily seen that in any pair (u, v) of the
first type, we will find a pentagon and each pentagon gives five pairs of vertices of the first type.
Next, we count the cases that there are two paths of length 3 between vertices u and v. We name such a pair to be of the
second type. One can see that, such a pair constructs a hexagon and each hexagon gives us 3 pairs of vertices of the second
type. Therefore,
Wp(G) =

ij∈E(G)
(deg(i)− 1)(deg(j)− 1)− 5Np − 3Nh
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=

ij∈E(G)
deg(i)deg(j)−

ij∈E(G)
[deg(i)+ deg(j)] − 5Np − 3Nh + |E(G)|
= M2(G)−M1(G)− 5Np − 3Nh + |E(G)|.
This completes our proof. 
Corollary 1. If G is a connected triangle- and quadrangle- free k-regular graph, then Wp(G) = (k− 1)2|E(G)| − 5Np − Nh.
Proof. PutM1(G) = k2|V (G)| andM2(G) = k2|E(G)| in Theorem 1. 
Corollary 2. If F is a fullerene graph, then Wp(F) = (9|V (G)| − 60)/2.
Proof. If F is a fullerene graph, then |E(F)| = 3Nh + 30,Nh = (|V (F)| − 30)/2 and Np = 12. This can be applied in
Corollary 1. 
Corollary 3. If G is a catacondensed hexagonal system with exactly h hexagons, then WP(G) = 9h+ 4s(G)− 10. In particular,
the catacondensed hexagonal systems with the same number of orthogonal cuts have the same Wiener polarity index.
Proof. By Lemma1,M1(G) = 26h−2 andM2(G) = 33h+4s(G)−13. The result is nowobtained fromourmain theorem. 
Corollary 4. Suppose G is a catacondensed hexagonal system with exactly h hexagons. Then WP(Lh) ≤ WP(G) ≤ WP(Zh) is with
left equality if and only if G ∼= Lh and right equality if and only if G ∼= Zh. Moreover, WP(Lh) = 9h−10 andWP(Zh) = 13h−14.
Corollary 5. Suppose G is a chain hexagonal cactus graph with exactly h hexagons. Then WP(G) = 11h− 8.
Corollary 6. WP(Oh) = 12h− 9 and WP(Mh) = WP(Ph) = 11h− 8.
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